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Abstract. In this paper, we study the existence of a positive periodic solution for a
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1 Introduction
In recent years, with the application of the theory of differential equations in mathematical
ecology, a lot of mathematical models have been proposed in the study of population dy-
namics [2–4, 6, 8–11, 15–23]. One of the famous models for the dynamics of populations is the
so-called semi-ratio-dependent predator-prey system with functional response [4, 7, 9, 15, 17],
for example
x′ = x(a− bx)− g(x)y,
y′ = y
(
d− f y
x
)
,
(1.1)
where x and y stand for the population of the prey and predator, respectively, g(x) is the
predator functional response to prey.
In equation (1.1), it has been assumed that the prey grows logistically with growth rate a
and carrying capacity a/b in the absence of predation. The predator consumes the prey ac-
cording to the functional response g(x) and grows logistically with growth rate d and carrying
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capacity x(t)/ f proportional to the population size of prey. The parameter f is a measure of
the food quality that the prey provides for conversion into predator birth.
The form of the predator equation in (1.1) was first proposed by Leslie [9]. The functional
response g(x) in (1.1) can be classified into five types, including the Leslie–Gower model, the
Holling–Tanner model, the Holling type III model, the Ivlev’s functional response and so on.
For more detail see reference [18].
We note that any biological or environmental parameters are naturally subject to fluctua-
tion in time. Cushing [2] pointed out that it is necessary and important to consider models
with periodic ecological parameters or perturbations which may be naturally exposed (for
example, those due to seasonal effects of weather, food supply, mating habits, hunting or
harvesting seasons, etc.). Thus, the assumption of periodicity of the parameters is a way of in-
corporating the periodicity of the environment. On the other hand, dispersal between patches
often occurs in natural ecological environments, and more realistic models should include the
dispersal process [8, 20, 21].
We consider the following systems
x′1(t) = x1(t)(r1(t)− a1(t)x1(t))− x3(t)g(t, x1(t− τ1)) + D1(t)(x2(t)− x1(t)),
x′2(t) = x2(t)(r2(t)− a2(t)x2(t)) + D2(t)(x1(t)− x2(t)),
x′3(t) = x3(t)
(
r3(t)− a3(t) x3(t− τ2)x1(t− τ2)
)
,
(1.2)
with initial conditions
xi(θ) = φi(θ), θ ∈ [−τ, 0],
φi(0) > 0, φi ∈ C([−τ, 0), R+), i = 1, 2, 3,
where xi(t) represents the prey population in the i-th patch (i = 1, 2), and x3(t) represents the
predator population. Di(t) denotes the dispersal rate of the prey in the i-th patch (i = 1, 2).
τ = max{τ1, τ2}.
However, there are numerous examples of evolutionary systems which at certain instants
in time are subject to rapid changes. In the simulations of such processes it is frequently
convenient and valid to neglect the durations of rapid changes and to assume that the changes
can be represented by state jumps. Appropriate mathematical models for processes of the
type described above are so-called systems with impulsive effects, see [1]. One note that the
research on theory and applications of impulsive differential equations have been many nice
works [3, 6, 10, 12–14, 22, 23]. Because harvest of many a populations are not continuous, the
harvest is an annual harvest pulse. To describe a system more accurately, we should consider
to use the impulsive differential equation. If we consider the regularly harvest, then (1.2) is
revised as the following form:
x′1(t) = x1(t)(r1(t)− a1(t)x1(t))− x3(t)g(t, x1(t− τ1)) + D1(t)(x2(t)− x1(t)),
x′2(t) = x2(t)(r2(t)− a2(t)x2(t)) + D2(t)(x1(t)− x2(t)),
x′3(t) = x3(t)
(
r3(t)− a3(t) x3(t− τ2)x1(t− τ2)
)
,
∆xi(tk) = bikxi(tk), i = 1, 2, 3, k = 1, 2, · · · ,
(1.3)
where bikxi(tk) (i = 1, 2, 3) represents the population xi(t) at tk regular harvest pulse. Through
this paper, for system (1.3) the following conditions are assumed.
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(C1) ri(t), ai(t) (i = 1, 2, 3), D1(t) and D2(t) are positive continuous ω-periodic functions; τ1
and τ2 are positive constants.
(C2) g(t, x) is a continuous ω-periodic function with respect to the first variable and is differ-
entiable with respect to the second variable, and g(t; 0) = 0, g(t, x) > 0 for any t ∈ R,
x > 0.
(C3) There exists a positive constant c0 such that g(t, x) ≤ c0 for any t ∈ R, x > 0.
(C4) −1 < bik ≤ 0, i = 1, 2, 3 for all k ∈ N and there exists a positive integer q such that
tk+q = tk +ω, bi(k+q) = bik, i = 1, 2, 3 and tk − τ1, tk − τ2 6= tm.
In the following, we shall use the notations.
f¯ =
1
ω
∫ ω
0
f (s) ds, f L = min
t∈[0,ω]
f (t), f M = max
t∈[0,ω]
f (t).
Without loss of generality, we shall assume tk 6= 0,ω and [0,ω] ∩ {tk} = {t1, t2, . . . , tq}.
The existence of positive periodic solution of (1.2) is investigated in [4], and the following
result is obtained.
Theorem 1.1. In addition to (C1)–(C3), assume further that the following hold:
(H2) ri(t)− Di(t) > 0, i = 1, 2,
(H3) aL3 (r1 − D1)− c0r3 > 0.
Then system (1.2) has at least one positive ω-periodic solution with strictly positive components.
The proof in [4] shows that Theorem 1.1 has room for improvement.
The organization of this paper is as follows. In the next section, we establish some simple
criteria for the existence of a positive periodic solution of system (1.3). We also note that our
results improve Theorem A as bik ≡ 0, because our results do not need the condition (H2).
Finally, we give some applications to show our results.
2 Existence of periodic solution
In this section, by using continuation theorem which was proposed in [5] by Gaines and
Mawhin, we will establish the existence conditions of at least one positive periodic solution of
system (1.3). To do so, we need to make some preparations.
Let X, Z be real Banach spaces, L : Dom L ⊂ X → Z be a Fredholm mapping of index zero
(index L = dim Ker L− codim Im L), and let P : X → X, Q : Z → Z be continuous projectors
such that Im P = Ker L, Ker Q = Im L and X = Ker L⊕ Ker P, Z = Im L⊕ Im Q. Denote by
LP the restriction of L to Dom L ∩Ker P, KP : Im L → Ker P ∩Dom L the inverse (to LP), and
J : Im Q→ Ker L an isomorphism of Im Q onto Ker L.
For convenience, we first introduce Mawhin’s continuation theorem [5] as follows.
Lemma 2.1. Let Ω ⊂ X be an open bounded set. Let L be a Fredholm mapping of index zero and N be
L-compact on Ω¯. Assume
(a) Lx 6= λNx for each λ ∈ (0, 1), x ∈ ∂Ω ∩DomL,
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(b) for each x ∈ Ker L ∩ ∂Ω, QNx 6= 0,
(c) deg{JQN,Ω ∩Ker L, 0} 6= 0.
Then Lx = Nx has at least one solution in Ω¯ ∩Dom L.
To prove the main conclusion by means of the continuation theorem, we need to introduce
some functional spaces.
Let PC(R,R3) = {x : R → R3 | x is continuous at t 6= tk, x(t+k ), x(t−k ) exist and x(t−k ) =
x(tk), k = 1, 2, . . . , }, let X = {(u1(t), u2(t), u3(t))T ∈ PC(R,R3) : ui(t+ω) = ui(t), i = 1, 2, 3}
with the norm
‖(u1(t), u2(t), u3(t))‖T =
3
∑
i=1
sup
t∈[0,ω]
|ui(t)|,
and
Y = X×R3q with the norm ‖u‖Y = ‖x‖+ ‖y‖, for u ∈ Y, x ∈ X, y ∈ R3q,
where | · | denotes the Euclidean norm. Then X and Y are Banach spaces.
Theorem 2.2. In addition to (C1)–(C4), assume further that the following hold:
(C5) r3ω+∑
q
k=1 ln(1+ b3k) > 0,
(C6) aL3 (r1 − D1)ω+ aL3 ∑qi=1 ln(1+ b1k) > c0r3ω.
Then system (1.3) has at least one positive ω-periodic solution.
Proof. Let
u1(t) = ln[x1(t)], u2(t) = ln[x2(t)], u3(t) = ln[x3(t)], (2.1)
then system (1.3) can be translated to
u′1(t) = r1(t)− D1(t)− a1(t)eu1(t) − g(t, eu1(t−τ1))eu3(t)−u1(t) + D1(t)eu2(t)−u1(t),
u′2(t) = r2(t)− D2(t)− a2(t)eu2(t) + D2(t)eu1(t)−u2(t),
u′3(t) = r3(t)− a3(t)eu3(t−τ2)−u1(t−τ2),
∆ui(tk) = ln(1+ bik), i = 1, 2, 3, k = 1, 2, . . .
(2.2)
It is easy to see that if system (2.2) has one ω-periodic solution (u∗1(t), u
∗
2(t), u
∗
3(t))
T, then
(x∗1(t), x
∗
2(t), y
∗(t))T = (exp[u∗1(t)], exp[u
∗
2(t)], exp[u
∗
3(t)])
T is a positive ω-periodic solution of
(1.3). Therefore, to complete the proof, we need only to prove that (2.2) has one ω-periodic
solution.
Let L : Dom L ⊂ X → Y, u→ (u′,∆u(t1), . . . ,∆u(tq)),
Nu =
 u′1(t) = r1(t)− D1(t)− a1(t)eu1(t) − g(t, eu1(t−τ1))eu3(t)−u1(t) + D1(t)eu2(t)−u1(t)u′2(t) = r2(t)− D2(t)− a2(t)eu2(t) + D2(t)eu1(t)−u2(t),
u′3(t) = r3(t)− a3(t)eu3(t−τ2)−u1(t−τ2)
 ,
 ln(1+ b11)ln(1+ b21)
ln(1+ b31)
 ,
 ln(1+ b12)ln(1+ b22)
ln(1+ b32)
 , · · · ,
 ln(1+ b1q)ln(1+ b2q)
ln(1+ b3q)
 .
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Evidently
Ker L = {u : u(t) = c ∈ R3, t ∈ [0,ω]},
Im L =
{
z = ( f , a1, . . . , aq) ∈ Y :
∫ ω
0
f (s) ds +
q
∑
k=1
ak = 0
}
,
and
dim Ker L = 3 = codim Im L.
So Im L is closed in Y, L is a Fredholm mapping of index zero. Define
Px =
1
ω
∫ ω
0
x(t)dt,
Qz = Q( f , a1, a2, . . . , aq) =
(
1
ω
[∫ ω
0
f (s) ds +
q
∑
k=1
ak
]
, 0, . . . , 0
)
.
It is easy to show that P and Q are continuous projectors satisfying
Im P = Ker L, Im L = Ker Q = Im(I −Q).
Furthermore, through an easy computation, we can find that the inverse KP : Im L→ Ker P ∩
Dom L has the form
KP(z) =
∫ t
0
f (s) ds + ∑
tk<t
ak − 1ω
∫ ω
0
∫ t
0
f (s) ds dt−
q
∑
k=1
ak.
Thus
QNu =


1
ω
∫ ω
0
[
r1(t)− D1(t)− a1(t)eu1(t) − g(t, eu1(t−τ1))eu3(t)−u1(t)
+D1(t)eu2(t)−u1(t)
]
dt +
1
ω
q
∑
k=1
ln(1+ b1k),
1
ω
∫ ω
0
[
r2(t)− D2(t)− a2(t)eu2(t) + D2(t)eu1(t)−u2(t)
]
dt
+
1
ω
q
∑
k=1
ln(1+ b2k),
1
ω
∫ ω
0
[
r3(t)− a3(t)eu3(t−τ2)−u1(t−τ2)
]
dt +
1
ω
q
∑
k=1
ln(1+ b3k),

, 0, . . . , 0

,
and
KP(I −Q)Nu
=

∫ t
0
[
r1(s)− D1(s)− a1(s)eu1(s) − g(t, eu1(s−τ1))eu3(s)−u1(s)
+D1(s)eu2(s)−u1(s)
]
ds + ∑
t>tk
ln(1+ b1k)∫ t
0
[
r2(s)− D2(s)− a2(s)eu2(s) + D2(s)eu1(s)−u2(s)
]
ds + ∑
t>tk
ln(1+ b2k)∫ t
0
[
r3(s)− a3(s)eu3(s−τ2)−u1(s−τ2)
]
ds + ∑
t>tk
ln(1+ b3k)

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−

1
ω
∫ ω
0
∫ t
0
[
r1(s)− D1(s)− a1(s)eu1(s) − g(t, eu1(s−τ1))eu3(s)−u1(s)
+D1(s)eu2(s)−u1(s)
]
ds +
q
∑
k=1
ln(1+ b1k)
1
ω
∫ ω
0
∫ t
0
[
r2(s)− D2(s)− a2(s)eu2(s) + D2(s)eu1(s)−u2(s)+
]
ds +
q
∑
k=1
ln(1+ b2k)
1
ω
∫ ω
0
∫ t
0
[
r3(s)− a3(s)eu3(s−τ2)−u1(s−τ2)
]
ds +
q
∑
k=1
ln(1+ b3k)

−

(
t
ω
− 1
2
) ∫ t
0
[
r1(s)− D1(s)− a1(s)eu1(s) − g(t, eu1(s−τ1))eu3(s)−u1(s)
+D1(s)eu2(s)−u1(s)
]
ds +
q
∑
k=1
ln(1+ b1k)(
t
ω
− 1
2
) ∫ t
0
[
r2(s)− D2(s)− a2(s)eu2(s) + D2(s)eu1(s)−u2(s)+
]
ds +
q
∑
k=1
ln(1+ b2k)(
t
ω
− 1
2
) ∫ t
0
[
r3(s)− a3(s)eu3(s−τ2)−u1(s−τ2)
]
ds +
q
∑
k=1
ln(1+ b3k)

.
Clearly, QN and KP(I − Q)N are continuous. Using Lemma 2.4 in [1], it is not difficult to
show that QN(Ω¯), Kp(I − Q)N(Ω¯) are relatively compact for any open bounded set Ω ⊂ X.
Hence N is L-compact on Ω¯ for any open bounded set Ω ⊂ X.
Now we reach the position to search for an appropriate open, bounded subset Ω for the
application of the continuation theorem. Corresponding to equation Lu = λNu, λ ∈ (0, 1),
we have
u′1(t) = λ
[
r1(t)− D1(t)− a1(t)eu1(t) − g(t, eu1(t−τ1))eu3(t)−u1(t) + D1(t)eu2(t)−u1(t)
]
,
u′2(t) = λ
[
r2(t)− D2(t)− a2(t)eu2(t) + D2(t)eu1(t)−u2(t)
]
,
u′3(t) = λ
[
r3(t)− a3(t)eu3(t−τ2)−u1(t−τ2)
]
,
∆ui(tk) = λ ln(1+ bik), i = 1, 2, 3, k = 1, 2, . . .
(2.3)
Since ui(t)(i = 1, 2, 3) are ω-periodic functions, we need only to prove the result in the interval
[0,ω]. Integrating (2.3) over the interval [0, ω] leads to∫ ω
0
a1(t)eu1(t) dt +
∫ ω
0
g(t, eu1(t−τ1))eu3(t)−u1(t) dt
=
∫ ω
0
(r1(t)− D1(t)) dt +
∫ ω
0
D1(t)eu2(t)−u1(t) dt +
q
∑
k=1
ln(1+ b1k),
(2.4)
∫ ω
0
a2(t)eu2(t) dt =
∫ ω
0
(r2(t)− D2(t)) dt +
∫ ω
0
D2(t)eu1(t)−u2(t) dt +
q
∑
k=1
ln(1+ b2k), (2.5)
and ∫ ω
0
a3(t)eu3(t−τ2)−u1(t−τ2) dt =
∫ ω
0
r3(t) dt +
q
∑
k=1
ln(1+ b3k). (2.6)
Noting that ∫ ω
0
eu3(t−τ2)−u1(t−τ2) dt =
∫ ω
0
eu3(t)−u1(t) dt,
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and −1 < b3k ≤ 0, we derive from (2.6) that
aL3
∫ ω
0
eu3(t)−u1(t) dt = aL3
∫ ω
0
eu3(t−τ2)−u1(t−τ2) dt ≤ r3ω,
which implies ∫ ω
0
eu3(t)−u1(t) dt ≤ r3ω
aL3
.
This together with the first equation of (2.3), (2.4), (C2) and (C3), yields∫ ω
0
|u′1(t)| dt <
∫ ω
0
(
r1(t) + D1(t) + a1(t)eu1(t) + g(t, eu1(t−τ1))eu3(t)−u1(t)
+ D1(t)eu2(t)−u1(t)
)
dt
= 2
∫ ω
0
a1(t)eu1(t) dt + 2
∫ ω
0
g(t, eu1(t−τ1))eu3(t)−u1(t) dt
+ 2
∫ ω
0
D1(t)dt−
q
∑
k=1
ln(1+ b1k)
≤ 2
∫ ω
0
a1(t)eu1(t) dt + 2c0
∫ ω
0
eu3(t)−u1(t) dt + 2D1ω−
q
∑
k=1
ln(1+ b1k)
≤ 2
∫ ω
0
a1(t)eu1(t) dt +
2c0r3ω
aL3
+ 2D1ω−
q
∑
k=1
ln(1+ b1k).
(2.7)
From (2.3), (2.5) and (2.6), we also have∫ ω
0
|u′2(t)| dt <
∫ ω
0
(
r2(t) + D2(t) + a2(t)eu2(t) + D2(t)eu1(t)−u2(t)
)
dt
= 2
∫ ω
0
a2(t)eu2(t) dt + 2
∫ ω
0
D2(t) dt−
q
∑
k=1
ln(1+ b2k),
(2.8)
∫ ω
0
|u′3(t)| dt <
∫ ω
0
(
r3(t) + a3(t)eu3(t−τ2)−u1(t−τ2)
)
dt
= 2r3ω+
q
∑
k=1
ln(1+ b3k) ≤ 2r3ω.
(2.9)
Multiplying the first equation of (2.3) by eu1(t) and integrating over [0,ω], we obtain
−
p
∑
k=1
b1keu1(tk) +
∫ ω
0
a1(t)e2u1(t) dt
=
∫ ω
0
(r1(t)− D1(t))eu1(t) dt +
∫ ω
0
D1(t)eu2(t) dt−
∫ ω
0
g(t, eu1(t−τ1)eu3(t)) dt
<
∫ ω
0
(r1(t)− D1(t))eu1(t) dt +
∫ ω
0
D1(t)eu2(t) dt
Since −1 < b1k ≤ 0, so we have∫ ω
0
a1(t)e2u1(t) dt ≤ (r1 − D1)M
∫ ω
0
eu1(t) dt + DM1
∫ ω
0
eu2(t) dt,
8 R. Liang
which yields
aL1
∫ ω
0
e2u1(t) dt ≤ (r1 − D1)M
∫ ω
0
eu1(t) dt + DM1
∫ ω
0
eu2(t) dt. (2.10)
Similarly, multiplying the second equation in (2.3) by eu2(t) and integrating over [0,ω] gives
−
p
∑
k=1
b2keu1(tk) +
∫ ω
0
a2(t)e2u2(t) dt =
∫ ω
0
(r2(t)− D2(t))eu2(t) dt +
∫ ω
0
D2(t)eu1(t) dt,
which implies
aL2
∫ ω
0
e2u2(t) dt < (r2 − D2)M
∫ ω
0
eu2(t) dt + DM2
∫ ω
0
eu1(t) dt. (2.11)
By using the inequalities(∫ ω
0
eui(t) dt
)2
≤ ω
∫ ω
0
e2ui(t) dt, i = 1, 2,
it follows from (2.10) and (2.11) that
aL1
(∫ ω
0
eu1(t) dt
)2
< ω(r1 − D1)M
∫ ω
0
eu1(t) dt + DM1 ω
∫ ω
0
eu2(t) dt, (2.12)
aL2
(∫ ω
0
eu2(t) dt
)2
< ω(r2 − D2)M
∫ ω
0
eu2(t) dt + DM2 ω
∫ ω
0
eu1(t) dt. (2.13)
If
∫ ω
0 e
u2(t) dt ≤ ∫ ω0 eu1(t) dt, then we derive from (2.12) that
aL1
(∫ ω
0
eu1(t) dt
)2
< ω(r1 − D1)M
∫ ω
0
eu1(t) dt + DM1 ω
∫ ω
0
eu1(t) dt,
which implies
∫ ω
0
eu2(t) dt ≤
∫ ω
0
eu1(t) dt <
ω(r1 − D1)M +ωDM1
aL1
. (2.14)
If
∫ ω
0 e
u1(t) dt ≤ ∫ ω0 eu2(t) dt, then we can conclude∫ ω
0
eu1(t) dt ≤
∫ ω
0
eu2(t) dt <
ω(r2 − D2)M +ωDM2
aL2
. (2.15)
Set
A = max
{
(r1 − D1)M + DM1
aL1
,
(r2 − D2)M + DM2
aL2
}
. (2.16)
Then it follows from (2.14)–(2.16) that∫ ω
0
eui(t) dt < ωA, i = 1, 2. (2.17)
This, together with (2.7) and (2.8), yields
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∫ ω
0
|u′1(t)| dt ≤ 2ω
(
aM1 A +
c0r3
aL3
)
+ 2ωD1 −
q
∑
k=1
ln(1+ b1k) =: c1,
∫ ω
0
|u′2(t)| dt ≤ 2ωaM2 A + 2ωD2 −
q
∑
k=1
ln(1+ b2k) =: c2.
(2.18)
Since u(t) ∈ X, there exist ξi, ηi ∈ [0,ω] (i = 1, 2, 3) such that
ui(ξi) = min
t∈[0,ω]
ui(t), ui(ηi) = max
t∈[0,ω]
ui(t), i = 1, 2, 3. (2.19)
From (2.17) and (2.19), we see that
ui(ξi) < ln A, i = 1, 2. (2.20)
Thus, from (2.18) and (2.20) we have
u1(t) =

u1(ξ1) +
∫ t
ξ1
u′1(s) ds + ∑
ξ1<tk<t
ln(1+ b1k), t ∈ (ξ1,ω]
u1(ξ1) +
∫ t
ξ1
u′1(s) ds− ∑
t≤tk≤ξ−1
ln(1+ b1k), t ∈ [0, ξ1]
≤ u1(ξ1) +
∫ ω
0
|u′1(t)| dt−
q
∑
k=1
ln(1+ b1k)
< ln A + c1 −
q
∑
k=1
ln(1+ b1k),
(2.21)
u2(t) ≤ u2(ξ2) +
∫ ω
0
|u′2(t)| dt−
q
∑
k=1
ln(1+ b2k)
< ln A + c2 −
q
∑
k=1
ln(1+ b2k).
(2.22)
It follows from (2.4) that
(r1 − D1)ω <
∫ ω
0
a1(t)eu1(t) dt +
∫ ω
0
g(t, eu1(t−τ1))eu3(t)−u1(t)dt−
q
∑
k=1
ln(1+ b1k)
≤
∫ ω
0
a1(t)eu1(t) dt + c0
∫ ω
0
eu3(t)−u1(t) dt−
q
∑
k=1
ln(1+ b1k)
≤
∫ ω
0
a1(t)eu1(t) dt +
c0r3ω
aL3
−
q
∑
k=1
ln(1+ b1k)
This, together with (2.19), deduces
eu1(η1)a1ω ≥
∫ ω
0
a1(t)eu1(t) dt ≥ (r1 − D1)ω− c0r3ωaL3
+
q
∑
k=1
ln(1+ b1k),
which implies
u1(η1) ≥ ln
(
(r1 − D1)ω− (c0r3/aL3 )ω+∑qk=1 ln(1+ b1k)
a1ω
)
=: d1.
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This, together with (2.18), leads to
u1(t) ≥ u1(η1)−
∫ ω
0
|u′1(t)| dt +
q
∑
k=1
ln(1+ b1k)
> d1 − c1 +
q
∑
k=1
ln(1+ b1k).
(2.23)
Let
R1 = max
{
| ln A|+ c1 −
q
∑
k=1
ln(1+ b1k), |d1|+ c1 −
q
∑
k=1
ln(1+ b1k)
}
,
it follows from (2.21) and (2.23) that
max
t∈[0,ω]
|u1(t)| < R1. (2.24)
From (2.5) we have
a¯2eu2(η2) ≥ (r2 − D2) + D¯2eu1(ξ1)−u2(η2) +
q
∑
k=1
ln(1+ b2k)/ω
> (r2 − D2) + D¯2eu1(ξ1) · e−u2(η2) +
q
∑
k=1
ln(1+ b2k)/ω
≥ (r2 − D2) + D¯2e−R1 · e−u2(η2) +
q
∑
k=1
ln(1+ b2k)/ω,
which implies
eu2(η2) ≥ d +
√
d2 + 4a¯2D¯2e−R1
2a¯2
,
where d = (r2 − D2) +∑qk=1 ln(1+ b2k)/ω, so
u2(η2) ≥ ln d +
√
d2 + 4a¯2D¯2e−R1
2a¯2
=: d2. (2.25)
It follows from (2.18) and (2.25) leads to
u2(t) ≥ u2(η2)−
∫ ω
0
|u′2(t)| dt +
q
∑
k=1
ln(1+ b2k)
≥ d2 − c2 +
q
∑
k=1
ln(1+ b2k).
(2.26)
This, together with (2.22), leads to
max
t∈[0,ω]
|u2(t)| < max
{
| ln A|+ c2 −
q
∑
k=1
ln(1+ b2k), |d2|+ c2 −
q
∑
k=1
ln(1+ b2k)
}
=: R2.
From (2.6) and (2.19), we have
eu3(η3)−u1(ξ1)a3ω ≥
∫ ω
0
a3(t)eu3(t−τ2)−u1(t−τ2) dt = r3ω+
q
∑
k=1
ln(1+ b3k),
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eu3(ξ3)−u1(η1)a3ω ≤
∫ ω
0
a3(t)eu3(t−τ2)−u1(t−τ2) dt = r3ω+
q
∑
k=1
ln(1+ b3k) ≤ r3ω,
which imply
u3(η3) ≥ u1(ξ1) + ln
(
r3ω+∑
q
k=1 ln(1+ b3k)
a3ω
)
,
and
u3(ξ3) ≤ u1(η1) + ln
( r3
a3
)
,
These together with (2.9) and (2.24), yield that
u3(t) ≤ u3(ξ3) +
∫ ω
0
|u′3(t)| dt−
q
∑
k=1
ln(1+ b3k)
< u1(η1) + ln
(
r3
a3
)
+ 2r3ω−
q
∑
k=1
ln(1+ b3k)
< R1 + ln
(
r3
a3
)
+ 2r3ω−
q
∑
k=1
ln(1+ b3k)
(2.27)
u3(t) ≥ u3(η3)−
∫ ω
0
|u′3(t)| dt +
q
∑
k=1
ln(1+ b3k)
≥ u1(ξ1) + ln
(
r3ω+∑
q
k=1 ln(1+ b3k)
a3ω
)
− 2r3ω+
q
∑
k=1
ln(1+ b3k)
≥ −R1 + ln
(
r3ω+∑
q
k=1 ln(1+ b3k)
a3ω
)
− 2r3ω+
q
∑
k=1
ln(1+ b3k).
(2.28)
This, together with (2.27), leads to
max
t∈[0,ω]
|u3(t)| < R3,
here
R3 = max
{∣∣∣∣ln r3a3
∣∣∣∣ ,
∣∣∣∣∣ r3ω+∑
q
k=1 ln(1+ b3k)
a3ω
ln
∣∣∣∣∣
}
+ R1 + 2r3ω−
q
∑
k=1
ln(1+ b3k).
Clearly, R1, R2 and R3 are independent of λ. Similarly to the proof of Theorem 2.1 of [4], we
can find a sufficiently large M > 0, denote the set
Ω =
{
u(t) = (u1(t), u2(t), u3(t))T ∈ X : ‖u‖ < M, u(t+k ) ∈ Ω, k = 1, 2, . . . , q
}
,
it follows that for each u ∈ Ker L ∩ ∂Ω, QNu 6= 0 and
deg{JQNu,Ω ∩Ker L, 0} = −1 6= 0.
By now we have proved that Ω verifies all the requirements in Lemma 2.1. Hence (2.2) has at
least one ω-periodic solution. Accordingly, system (1.3) has at least one positive ω-periodic
solution. The proof is complete.
Remark 2.3. If bik ≡ 0, (i = 1, 2, 3), k = 1, 2 . . . , then (1.3) is translated to (1.2). In this case,
the condition (C6) is the same as (H3) of Theorem 1.1, but we see that (H2) is not needed here.
Hence our result improves and generalizes the corresponding result of [4].
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3 Applications
In this section, we will list some applications of our above results.
Example 3.1. Consider the following delayed Holling–Tanner predator–prey system with dif-
fusion and impulse
x′1(t) = x1(t)(r1(t)− a1(t)x1(t))−
c(t)x3(t)x1(t− τ1)
m(t) + x1(t− τ1) + D1(t)(x2(t)− x1(t)),
x′2(t) = x2(t)(r2(t)− a2(t)x2(t)) + D2(t)(x1(t)− x2(t)),
x′3(t) = x3(t)
(
r3(t)− a3(t) x3(t− τ2)x1(t− τ2)
)
,
∆xi(tk) = bikxi(tk), i = 1, 2, 3, k = 1, 2, . . . ,
(3.1)
where D1(t), D2(t), ri(t), ai(t) (i = 1, 2, 3), c(t) and m(t) are positive continuous ω-periodic
functions; τ1 and τ2 are positive constants, bik (i = 1, 2, 3, k = 1, 2, . . . , ) satisfy the condition
(C4). The system (3.1) without impulse has been considered in [17].
From Theorem 2.2 one obtains the following.
Theorem 3.2. Suppose that r3ω+∑
q
k=1 ln(1+ b3k) > 0 and
aL3 (r1 − D1)ω+ aL3
q
∑
i=1
ln(1+ b1k) > cMr3ω,
hold, then (3.1) has at least one ω-periodic solution with strictly positive components.
Example 3.3. Consider the following delayed semi-ratio-dependent predator–prey diffusion
system with Ivlev functional response and impulse:
x′1(t) = x1(t)(r1(t)− a1(t)x1(t))− c(t)x3(t)
(
1− e−m(t)x1(t−τ1))+ D1(t)(x2(t)− x1(t)),
x′2(t) = x2(t)(r2(t)− a2(t)x2(t)) + D2(t)(x1(t)− x2(t)),
x′3(t) = x3(t)
(
r3(t)− a3(t) x3(t− τ2)x1(t− τ2)
)
,
∆xi(tk) = bikxi(tk), i = 1, 2, 3, k = 1, 2, . . . ,
(3.2)
where all functions are defined as above. The system (3.2) without impulse has been consid-
ered in [7].
From Theorem 2.2 one obatins the following.
Theorem 3.4. Suppose that r3ω+∑
q
k=1 ln(1+ b3k) > 0 and
aL3 (r1 − D1)ω+ aL3
q
∑
i=1
ln(1+ b1k) > cMr3ω,
hold, then (3.2) has at least one ω-periodic solution with strictly positive components.
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Example 3.5. Consider the following delayed semi-ratio-dependent predator–prey diffusion
system with Monod–Haldane functional response and impulse
x′1(t) = x1(t)(r1(t)− a1(t)x1(t))−
c(t)x3(t)x1(t− τ1)
m2(t) + x21(t− τ1)
+ D1(t)(x2(t)− x1(t)),
x′2(t) = x2(t)(r2(t)− a2(t)x2(t)) + D2(t)(x1(t)− x2(t)),
x′3(t) = x3(t)
(
r3(t)− a3(t) x3(t− τ2)x1(t− τ2)
)
,
∆xi(tk) = bikxi(tk), i = 1, 2, 3, k = 1, 2, . . . ,
(3.3)
where all functions are defined as above. The system (3.3) without impulse has been consid-
ered in [15].
From Theorem 2.2 we get the following.
Theorem 3.6. Suppose that r3ω+∑
q
k=1 ln(1+ b3k) > 0 and
2aL3 (r1 − D1)ω+ 2aL3
q
∑
i=1
ln(1+ b1k) >
( c
m
)M
r3ω,
hold, then (3.3) has at least one ω-periodic solution with strictly positive components.
Acknowledgements
This work is supported by the NNSF (No: 11001274, 11101433) of China and NNSF
(No: 14JJ3019) of Hunan Province of China.
References
[1] D. D. Bainov, P. S. Simeonov, Impulsive differential equations: Periodic solutions and applica-
tions, Longman Scientific, Technical, New York, 1993. MR1266625
[2] J. M. Cushing, Periodic time-dependent predator–prey system, SIAM J. Appl. Math.
32(1977), 82–95. MR0434500; url
[3] B. X. Dai, H. Su, D. Hu, Periodic solution of a delayed ratio-dependent predator–
prey model with monotonic functional response and impulse, Nonlinear Anal. 70(2009),
126–134. MR2468223; url
[4] X. Q. Ding, F. F. Wang, Positive periodic solution for a semi-ratio-dependent predator–
prey system with diffusion and time delays, Nonlinear Anal. Real World Appl. 9(2008),
239–249. MR2382375; url
[5] R. E. Gaines, J. L. Mawhin, Coincidence degree and nonlinear differential equations, Spring-
Verlag, Berlin, 1977. MR0637067
[6] H. F. Huo, W. T. Li, Xin Zhi Liu, Existence and global attractivity of positive peri-
odic solution of impulsive delay differential equations, Appl. Anal. 83(2004), 1279–1290.
MR2104152; url
14 R. Liang
[7] V. S. Ivlev, Experimental ecology of the feeding of fishes, Yale University Press, New Haven,
CT, 1961.
[8] Y. Kuang, Y. Takeuchi, Predator-prey dynamics in models of prey dispersal in two-patch
environment, Math. Biosci. 120(1994), 77–98. MR1281745
[9] P. H. Leslie, Some further notes on the use of matrices in population mathematics,
Biometrika 35(1948), 213–245. MR0027991; url
[10] X. Liu, L. Chen, Complex dynamics of Holling type II Lotka–Volterra predator–prey
system with impulsive perturbations on the predator, Chaos Solitons Fractals 16(2003),
311–320. MR1949478; url
[11] R. X. Liang, J. H. Shen, Positive periodic solutions for impulsive predator–prey model
with dispersion and time delays. Appl. Math. Comput. 217(2010), 661–676. MR2678579;
url
[12] R. X. Liang, Z. M. Liu, Nagumo type existence results of Sturm–Liouville BVP for im-
pulsive differential equations, Nonlinear Anal. 74(2011), 6676–6685. MR2834068; url
[13] R. Liang, J. H. Shen, Eigenvalue criteria for existence of positive solutions of impulsive
differential equations with non-separated boundary conditions, Bound. Value Probl 2013,
No. 3, 11 pp. MR3017356; url
[14] R. X. Liang, Existence of solutions for impulsive Dirichlet problems with the parameter
inequality reverse, Math. Meth. Appl. Sci. 36(2013), 1929–1939. MR3091684; url
[15] S. Ruan, D. Xiao, Global analysis in a predator–prey system with nonmonotonic func-
tional response, SIAM J. Appl. Math. 61(2001), 1445–1472. MR1813689
[16] X. Y. Song, L. S. Chen, Persistence and global stability for nonautonomous predator–prey
systems with diffusion and time delay, Comput. Math. Appl. 35(1998), 33–40. MR1612296;
url
[17] J. T. Tanner, The stability and the intrinsic growth rates of prey and predator popula-
tions, Ecology, 56(1975), 855–867. url
[18] Q. Wang, M. Fan, K. Wang, Dynamics of a class of nonautonomous semi-ratio-
dependent predator–prey systems with functional response, J. Math. Anal. Appl.
278(2003), 443–471. MR1974018; url
[19] L. L. Wang, W. T. Li, Periodic solutions and permanence for a delayed nonautonomous
ratio-dependent predator–prey model with Holling type functional response, J. Comput.
Appl. Math. 162(2004), 341–357. MR2028033; url
[20] R. Xu, L. Chen, Persistence and stability for a two-species ratio-dependent predator–
prey system with time delay in a two-patch environment, Comput. Math. Appl. 40(2000),
577–588. MR1772656; url
[21] R. Xu, M. A. J. Chaplain, F. A. Davidson, Periodic solution for a delayed predator–
prey model of prey dispersal in two-patch environments, Nonlinear Anal. Real World Appl.
5(2004), 183–206. MR2004093; url
Periodic solutions for impulsive predator–prey model 15
[22] J. Zhen, Zh. Ma, M. Han, The existence of periodic solutions of the n-species Lotka–
Volterra competition systems with impulsive, Chaos Solitons Fractals 22(2004), 181–188.
url
[23] W. Zhang, M. Fan, Periodicity in a generalized ecological competition system gov-
erned by impulsive differential equations with delays, Math. Comput. Modelling 39(2004),
479–493. MR2046535; url
